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1. Introduction: spacetime as a 4D-ocean 

1.1. Smooth and striated spaces. Contrarily to what is usually known about the ether 
theory, A. Einstein wasn't opposed to this very concept, but rather to the concept of a 
favored frame and to a concept of ether considered as a rigid object necessary to the 

propagation of hght. After rejecting the ether, he finally accepted it on the basis of the 
following assumptions given in "Aether unci Relativitaetstheorie" (Julius Springer Ed., 
Berlin, 1920, 15 pages. From a lecture held on 5th may 1920 at Leiden University): 

p. 8: "Der ndchstliegende Standpunkt, den man dieser Sachlage gegeniiber 
einnehmen konnte, schien der folgende zu sein. Der Ather existiert uher- 
haupt nicht." (The most obvious viewpoint which could be taken of this 
matter appeared to be the following. The ether does not exist at all.) 

p. 9: "Indessen lehrt ein genaueres Nachdenken, dafi diese Leugnung 
des Athers nicht notwendig durch das spezielle Relativitdtsprinzip gefordert 
wird. Man kann die Existenz eines Athers annehmen; nur mufi man darauf 
verzichten, ihm einen bestimmten Bewegungszustand zuzuschreiben, d. h. 
man mufi ihm durch Abstraktion das letzte mechanische Merkmal nehmen, 
welches ihm Lorentz noch gelassen hatte. " (However, closer reflection shows 
that this denial of the ether is not demanded by the special principle of 
relativity. We can assume the existence of an ether, but we must abstain 
from ascribing a definitive state of motion to it, i.e. we must by abstraction 
divest it of the last mechanical characteristic which Lorentz had left it.) 

p. 10: "Verallgemeinernd miissen wir sagen. Es lassen sich ausgedehnte 
physikalische Gegenstdnde denken, auf welche der Bewegungsbegriff keine 
Anwendung finden kann. . . . Das spezielle Relativitdtsprinzip verbietet uns, 
den Ather als aus zeitlich verfolgbaren Teilchen bestehend anzunehmen, aber 
die Atherhypothese an sich widerstreitet der speziellen Relativitdtstheorie 
nicht. Nur mufi man sich davor hiiten, dem Ather einen Bewegungszustand 
zuzusprechen. " (Generalizing, we must say that we can conceive of extended 
physical objects to which the concept of motion cannot be applied. . . . The 
special principle of relativity forbids us to regard the ether as composed of 
particles, the movements of which can be followed out through time, but 
the ether hypothesis as such is not incompatible with the special theory of 
relativity. Only we must take care not to ascribe a state of motion of the 
ether.) 

Moreover, denying ether amounts to consider spacetime as deprived of any physical prop- 
erties, which is obviously not the case. This would suggest a concept of ether as a medium 
referring to physical properties and not to geometric or mechanical considerations (see p. 
12 in the reference above). Somehow adopting this point of view, we will consider ether 
as a "4D-ocean" and later on, as a further specification, as a "spacetime ocean" . We 
recall that this analogy has been made few years ago by W. G. Unruh [1], and detailed 
discussions of the concepts involved in ether theory can be found in [2, 3]. 

At first, in order to introduce as clearly as possible our model of unification of electro- 
magnetic and gravitational forces, we will rely on metaphors in two and three dimensions. 
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Suppose a child asks you: "At which distance the blue sky is ?". Or likewise on a 
"sailboat" looking afar at a ship on a quiet blue ocean: "How far is that ship ?". May 
be in a future orbital station, another child will wonder: " Why can't we touch the stars 
with our hands ?". 

All of these apparently naive questions send us back to one only but major difficulty: 
the ocean, the sky, the outer space may be topological, still surely non-metrical spaces 
(!), taking "metrical" in its usual acceptation. In the case of a spacetime ocean, assumed 
to be a non-metrical space, the latter remark forbids to conceive any kind of state of 
spacetime motions, since a notion of distance would be required to evaluate, for instance, 
the spacetime velocity. We know how difficult it is to evaluate distances on sea, or altitudes 
of aircraft just by looking at them (or evaluate times without watches in spacetime). These 
kinds of spaces are not "striated" ones as our highways with permanent blank dashed lines 
on ground allowing for evaluations of distances: the former are not "naturally" endowed 
with fields of metrics. The coordinate maps, from these spaces to M-vector spaces, are 
only defined on those subspaces of points at which serial physical measurement processes 
are performed (i.e. attributions of finite sets of numbers to some points or some composed 
parts). Distances could be undefined on those subspaces or, at best, only defined on them. 
In fact, we might have only a metric attached to each point of a line, a trajectory of a ship, 
the wake of an airplane . . . and this metric would be built out of a local moving frame. 
The latter could be the wings arrow of the airplane, the mast and the boom of a sailboat, 
but also their wakes, furnishing a velocity vector or a fiux vector. In fact, spacetime has a 
definite number of geometric dimensions but the latter cannot be attributed "a priori" to 
space or time dimensions: this ascription of an orientation can be performed only locally 
in the moving frames. 

Angle measurements only can be achieved with a calliper on a kind of "sea horizon 
circle" , or with a sextant on the well-known "celestial sphere" : Now these are just the 
elements of a conformal geometry. Of course these operations are strongly related to 
our eyesight and the light, and it has been demonstrated in two classical 1910 studies of 
H. Bateman [4] and E. Cunningham [5] that the Maxwell equations of electromagnetic 
fields in vacuum are conformally equivariant (see also [6]). In sea or aerial navigation, 
from known beacons or hertzian markers out of which angles can be measured, we can 
deduce the geometric positions on charts. But, if just after, we lose the signals for a while 
(because of fog or solar storms hiding the coast or perturbating electromagnetic signals 
from markers), then we need to redirect our way in order to recover them. But how this 
can be done without the use of magnetic compasses or gyroscopes to orient angles, and 
then to know the north, the south, the bottom and the top ? 

Clearly we need magnetic and gravitational forces to orient the moving frames or the 
angles, and this means that, to be known, local geometry requires that forces be there (!), 
to provide at least directions. These 2D and 3D spaces must be endowed with a (magnetic 
or gravitational) field of orientation. On that point, extending this approach to a 4D- 
ocean, we should have such a force to discriminate between past and future (which doesn't 
mean to have an universal duration), allowing for instance to orient the light cones. In 
some way, we would have to consider a "time" force vector "dressing" the "spacetime", 
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and assume a field of time orientation added to tlie spacetime structure. We will come 
back on that point in the conclusion since it is really a major historic difficult question. 

It follows local geometries are deduced from forces and not the converse as is usu- 
ally done in general relativity, which, in this respect, appears to be in conflict with the 
principles of navigations. We take the navigation side and the "Prima" of the forces on 
the geometry. Nevertheless, against appearances, the "local" principle of equivalence of 
general relativity will be kept throughout, but used another way. 

Here we present two kinds of "spaces" to which will be given synonyms depending on 
the context (metaphorical, mathematical or physical): 

• a "smooth space" that will be sometimes referred to as the "unfolded spacetime" , 
the "AD-ocean" or the "spacetime ocean" and denoted by M., and 

• a "striated space" also dubbed the "underlying or substratum spacetime" or the 
"AD -ocean ground floor S". 

Our "ships", "sailboats" , "aircraft" would be the tangent spaces Tp„A^ or moving frames, 
also viewed as the space of rulers, callipers and watches. As a matter of fact, this model 
will involve an unfolding or a deployment of the "smooth space" M. from the "striated 
space" S (we use the G. Deleuze and F. Guattari terminology [7, §12 and §14]). It 
may also be viewed as a kind of generalisation in the PDE framework, of the universal 
deployment concept for ODE introduced in particular by the mathematician Rene Thom 
in his well-known catastrophes theory. The relevant modern mathematical terminology 
would be: cobordism theory. 

1.2. To tie a spacetime ship with its environnement: the principle of equiva- 
lence. Let us assume the unfolded spacetime M. to be of class C°°, of dimension n > 4, 
connected and paracompact. Let po be a particular point in U{pq) an open neigh- 
borhood of Po in A^, and Tp^M. its tangent space. The "local" principle of equivalence 

we use (compatible with the usual ones. See a review of those principles in [8]), states it 
exists a local diffeomorphism y^pg attached to po putting in a one-to-one correspondence 
the points p e U{pq) with some vectors ^ G Tp^M. in an open neighborhood of the origin 
oiTp,M: 

It is important to remark the correspondence between "position points" and "position vec- 
tors" . We will show in the next chapter it involves the Einstein's principle of equivalence 
between relative uniformly accelerated frames. To each position vector ^ of Tp^^Ai, we can 
associate a frame made out of a "little" local web of straight lines and thus we construct 
a local field of metrics Qpgi^) depending both on po and the point ^. This field of metrics 
is defined on the tangent spaces of the tangent space: T^(Tp^^A4). We will further assume 
that these webs are (partially) oriented with respect to the local orientation provided by 
a time arrow (like the needle of a magnetic compass in 2D). Hence a particular direction 
is selected among the four, and reflected in the signature of the metric field gp^ assumed 

to be of the Minkowski type (-1 ) as "usual" . 

To proceed further, let us evoke a metaphor borrowed to the Quattrocento painters: 
considering landscapes (S), they wished to draw them on canvas {Tp^ Ai), seeing them 
through perspective grids or webs {A4). In a 4D situation the "grids" would deform 
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themselves and without an absolute grid of reference we may think instead of a dynamical 
deformation of the landscapes. 

More precisely, we consider other "little" webs (at p G U{pq) C A^) on the "sTirfacc" 
of the 4D-ocean Ai. If we try to superpose the latter with those at ,^ G Tp^^Ai so as to 
simultaneously see their "images", we make a projective conformal correspondence, as 
painters did with their geometric perspectives. Moreover if a local metric g depending 
only on p G is attached to this latter frame web, this correspondence means that 
the metric cjp^^ is pulled back by the application Lp*^^ to g. Then we have the relation: 

V'po(^po) ~ 9 ' metrics uj and uj on of type (+ — ) associated respectively 

to g and should be thought of as being somehow proportional in view of the previous 
metaphorical perspective. In other words they are conformally equivariant with respect 
to local diffeomorphisms /q of M" depending on pq and associated to ipp^, i.e. conformally 
equivariant with respect to the conformal Lie pseudogroup associated with a metric field 
H defined on M", of type (H ). Thus we have in this case: 

f^{oj)^u, u^p,e^^'^0 = u, /o(0) = 0, Ao(0) = 0, (1) 

and 

/*(//) =e2°V, «o(0) = 0, (2) 

where Aq and ao are local functions associated to each fo and also depending on pq. Also 
we indicate with the sign "— po" the local equality at or for a given point po- In this 

expression wc point out that Aq and are functions in full generality. It is an essential 
feature of the model under consideration. In case of constants, then 15 parameters would 
define fp^ and it is known that nothing could be ascribed to electromagnetism but only 
to a uniform gravitational field. 

The metric g emerges also from an other outlook but in the same framework. Indeed 
we can consider the "susbstratum spacetime <S" as a striated space, that is, a metrical 
space (a metaphorical description might consist in referring to an ocean ground floor made 
out of striated sand). Thus, we assume it can be endowed with a global metric we can 
denote by g. Also we make the assumption that S has a constant Riemaniann curvature 
tensor and then is "conformally flat", i.e. the Weyl tensor is vanishing. This will ensure 
the integrability of the conformal Lie pseudogroup from the H. Weyl theorem [9] . In other 
words, the webs "drawn" on S are only transformed into each others, at the same ground 
level, with no changes in the "perspective": no dilatation transformations occur. Hence 
this "substratum spacetime 5" is equivariant with respect to global diffeomorphisms of 
the Poincare Lie pseudogroup associated to a global metric fleld denoted g and satisfying, 
for every global diffeomorphism ip of iS, ip*{g) = g- If co represents g on M", and if 
the global diffeomorphims ip are associated to global applications / of the Poincare Lie 
pseudogroup of W\ endowed again with the metric field /x, then we have 

f*{ui)^u;. (3) 

Continuing with the metaphorical description, we try to superpose again the web at 
p G Ai, and a web "drawn" on S. Each one is just a mathematically smooth but, a priori 
at that step, a completly general deformation of the other. As a consequence, it exists 
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local diffeomorphisms (f)p such that 4>*{g) = g ■ Then from the latter and expression (1), 
we have on R", the relation 

h;{u;)=cu, h,{0) = 0, (4) 

where hp is a local diffeomorphism of M". Then we make the simplification assumption: 
the metric field /i is identified with lu, so that one obtains from (2) the relation: 

/o*(^)=e^"V. (5) 
But also from relations (1) and (4), we can deduce the following commutative diagram: 

/* 

uj > u 



K 



ui > V 

fo 

Therefore, to pass from uj_ to uj (or from a point p G 5 to a "point of deformation" 

^ G Tp^Ad) is equivalent to pass from / to /q. 

Unfortunately (!), all the measurements are performed at po- That means we only 
consider angles as well as the metric field uj up to any multiplicative factor, i.e. we 
must consider the metric on the projective 3-dimensional space attached to po, namely 
PM"^"^. Hence only the diffeomorphisms /o giving any metric field u different from uj (or 
equivalently a;) will matter for physical applications as we will see later on. 

To summarize, to pass from the substratum spacetime S with the metric field lo to the 
tangent spacetime Tp^^M. with the metric field Q is equivalent to pass from the Poincare Lie 
pseudogroup to the conformal one, the two being associated withu. Hence this deformation 
process is associated to the coset of the two previous pseudogroups. It is a set of functions 
parametrizing all the deformation diffeomorphisms h. These functions are strongly related 
to the arbitrary functions family and \q, as well as their derivatives. And we will show 
that they can be related to the electromagnetic and gravitational gauge potentials in a 
unified way. 

Of course, this very classical approach in deformation theory differs from the classic 
gauge one in general relativity (see a review for instance in [10]). Indeed the latter are 
developed from a given gauge Lie group, which can be Poincare, conformal, or almost 
any other Lie group. But first, they are not pseudogroups, and in second place they are 
assossiated to Lie groups invariance of the tangent spaces (not the tangent fiber bundle) 
at any fixed base point Pq. In fact that means they are isotropy Lie subgroups of the cor- 
responding pseudogroups, or equivalently Lie groups of the fibers of the tangent bundles, 
namely structural Lie groups. For instance, in fixing the function ccq to a constant, mean- 
ing fixing the set of applications /o becomes a Lie group and not a Lie pseudogroup. 
In that case the applications /o would depend only on 15 real variables (if n — A), not on 
a set of arbitrary functions as we will see for the conformal pseudogroup. 

Also it is not a Kaluza-Klein type theory since we just consider a spacetime with 
dimension n = 4, even though the results, we present here, can be extended to higher 
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dimensions n. The fields of interactions don't come from the addition of extra geomet- 
rical dimensions other than those necessary to the geometrical description of our four 
dimensional physical spacetime. 

Sometimes an unification is suggested in considering a model based on a possible 
torsion of an affine connection, i.e. based on a Riemann-Cartan geometry. In the present 
model, the torsion is merely associated to motions of ships, aircraft, cars such as pitching, 

rolling, precession, rotation, etc The skew-symmetric part of the connection symbols 

such as the Riemann-Christoffel ones (no torsion) is related to these latter kinds of motions 
and not to a sort of Faraday tensor. In fact these motions are only associated to kinds 
of constraints (such an example is provided by contraints of Lorentz invariance in the 
Thomas precession mechanism) between a vector rj and its tangent space and not to the 
base space M., i.e. the environment with its "4D- waves". 

Also it differs compietly from H. Weyl unifications and the J.-M. Souriau approach 
[11]. In fact there were two different theories proposed by H. Weyl, in 1918 and latter on 
in 1928-29 [12, 13]. These theories were based on variational cquivariance with respect 
to local given dilatation transformations, exhibiting some kinds of Noether invariants as- 
cribed to electric charges or electric currents. In some way, the model we present is also 
related to dilatation transformations but not to a variational problem and/or to topolog- 
ical invariants. Moreover, our model deals precisely with the determination of space of 
dilatation operations that are compatible with the conformal transformations preserving 
the cquivariance a given metric field. As should become clear in next chapter 3, not 
all dilatations are permitted, since they are bounded by constraints reflected in particu- 
lar functional dependencies. The latter will reflect themselves through the existence of 
parametrizing functions which will be physically ascribed to fields or gauge potentials of 
interactions or of spacetime deformations. 

Close approaches to ours, are developed on the one hand by M. O. Katanacv & I. V. 
Volovich [14], and on the other hand by H. Kleinert [15] and J.-F. Pommaret [16]. These 
authors, however, do not seem to have been concerned with any model of unification, 
since a particular system of PDE presented in the sequel, namely the "c system" , is not 
considered at the roots of their models. Our model, in the end, comes out pretty much in 
line with their approach of general relativity in Cosserat media or space. Other general 
relativity models at lower dimensions was investigated with such approaches as models of 
gravity in [17, 18, 19] for instance. 

Also, our present work can be viewed somehow as a kind of generalizing extension of 
the T. Fulton et al. approach and model [6] . 

Here below, we summarize the mathematical procedure and assumptions presented in 
the sequel and based on the previous discussion (we refer to definitions of involution i.e. 
integrability, symbols of differential equations, acyclicity and formal integrability such as 
those given in [20, 21, 16] for instance): 

• The Riemann scalar curvature ps associated to the metric field lo hereafter denoted 
hyuj, is a constant, n{n — l)ko, as a consequence of the constant Riemann curvature 
tensor assumption. In that case, let us recall that the Poincare Lie pseudogroup is 
involutive ( i. e. integrable ) since, on the one hand, its symbol of order 2 vanishes 
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which makes it n-acyclic, and on the other hand, it is formally integrable if Ps is 
a constant. Then, the Weyl tensor associated to lu is vanishing, i.e. we have a 
conformally fiat structure. 

• The system (5) of differential equations in /o, hereafter denoted by f , being non- 
integrable (i.e. it exists non-analytic C°° solutions on some open neighborhoods), 
will be supplied with an other system of equations (the system we call "c system" 
in the sequel)), obtained from a prolongation procedure which will be stopped as 
the integrability conditions of the resulting complete system of partial differential 
equations is met (i.e. all solutions are analytic almost everywhere). 

• The covariant derivations involved in the prolongation procedure will be assumed 
to be torsion free, i.e. we will make use of the Levi-Civita covariant derivations. 

• We will extract from the latter system of PDF, a subsystem, which will be called 
the "c system", defining completely the sub-pseudogroup Fg of those applications 
f which are strictly smooth deformations of applications f . This PDF subsystem 
will be satisfied by a function ao, hereafter denoted by a. This is the core system 
of our model and to our knowledge it has never been really studied or at least 
related to any unification model. 

• By considering Taylor series solutions of the "c system", and searching for condi- 
tions under which an M.-valued Taylor serie s{x,xo) around a point xq e does 
not depend on xq, we will show how general solutions depend on a particular finite 
set of parametrizing functions. 

• We show that this set of parametrizing functions is associated to a differential 
sequence, and that they can be identified with both electromagnetic and gravitational 
gauge potentials. Moreover, they obey a set of PDE called the 'first group of PDF". 
We thus get a gauge theory, similar to the electromagnetic theory, though not 
based on the de Rham sequence, but rather on a kind of linear Spencer sequence for 
non-linear PDE (see the general linear sequences for the linear PDE case in [20]). 

• We deduce the metric field v = u) + Su) of the infinitesimal smooth deformations, 
depending on the electromagnetic and gravitational gauge potentials. 

• We give general Lagrangian densities associated to u, and in particular we show 
how the occurence of a spin property makes it possible to define an electromag- 
netic Lagrangian density, sheding some new light on the relation between spin and 
electromagnetic interactions with charged particules. 

• We conclude with various remarks about physical interpretations of general rela- 
tivity. 

To finish this chapter, we indicate that the mathematical tools used for this unification 
finds its roots, first in the conformal Lie structure that has been extensively studied 
by H. Weyl [9], K. Yano [22], J. Gasqui [23] and J. Gasqui & H. Goldschmidt [21] for 
instance, and in second place, in the non-linear cohomology of Lie equations studied by B. 
Malgrange [24, 25], A. Kumpera & D. Spencer [26] and J.-F. Pommaret [16]. Meanwhile 
we only partially refer to some of these aspects since it mainly has to do with the general 
theory of Lie equations, and not exactly with the set of PDE we are concerned with. 
Indeed these set of PDE is not the set of conformal Lie equations themselves, but rather 
a kind of "residue" coming from a comparison with "Poincare Lie equations" , i.e. the "c 
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system" . Also, a large amount of mathematical results have been obtained and complete 
reviews exist, that are devoted to conformal geometries [27]. Hence, most of the results 
concerning this geometry are summarized in the sequel. We essentially indicate succintly 
the cornerstones which are absolutely necessary for our explanations and descriptions of 
the model. 



2. The conformal finite Lie equations of the substratum spacetime 

First of all, and from the previous sections, we assume that the group of relativity 
is no longer Poincare but the conformal Lie group. In particular, this involves that no 
physical law changes occur shifting from a given frame embeded in a gravitational field 
to a uniformly accelerated relative isolated one, as we will recall [28]. This is just the 
elevator metaphor at the origin of the Einstein's principle of equivalence. 

The conformal finite Lie equations are deduced from the conformal action on a local 
metric field u defining a pseudo-Riemannian structure on R"^ ~ S. We insist on the fact 
we do local studies, meaning we consider local charts from open subsets of the latter 
manifolds into a common open subset of M". Hence by geometric objects or computations 
on M", we mean local geometric objects or computations on the manifolds A4, TM. and 
S. Also, it is well-known that the mathematical results displayed below are independent 
of the dimension when greater or equal to 4. Let us consider / G Diff^^ i^"'), the set 
of local diffeomorphisms of of class C°°, and any function a G C°°(M"',M). Then if 
/ G Fg (Fg being the pseudogroup of local conformal bidifferential maps on R"), / is a 
solution of the PDE system (in fact other PDE must be satisfied to completely define Fg 
as one will be seen in the sequel): 

r{uj)=e'^uj, (6) 

with det(J(/)) ^ 0, where J(/) is the Jacobian of /, and /* is the pull-back of /. Also, 
only the e^° positive functions are retained in view of the previous assumption, that only 
one orientation is chosen on R". We therefore consider only the /'s which preserve that 
orientation. We recall that a is a varying function depending on each f and consequently 
not fixed. We denote a) the metric on R" such as by definition: Co ~ e^°a;, and we agree 
on putting a tilde on each tensor or geometrical "object" relative to, or deduced from this 
metric oj. 

Now, performing a first prolongation of the system (6), we deduce other second order 
PDE's connecting the Levi-Civita covariant derivations V and V, respectively associated 
to u; and a). These new differential equations are (see for instance [23]) VX, y G TR": 

VxF = VxY + da{X)Y + da{Y)X - u;{X, Y) ^da , (7) 

where d is the exterior differential and ^da is the dual vector field of the 1-form da with 
respect to the metric i.e. such that VX G T R": 



u!{X,^da) = da{X) 

9 



(8) 



Since the Weyl tensor r associated to 00 is assumed to vanish, the Riemann tensor p can 
be rewritten yX,Y,Z,U e C°°{TW) as: 



u{U, p{X, Y)Z) = ^-l^y {^{X, U)a{Y, Z) - u{Y, U)a{X, Z) 

+ u{Y,Z)a{X,U)-u{X,Z)a{Y,U)}, (9) 
where a is defined by (see the tensor " L " in [22] up to a constant depending on n) 

a{X, Y) = pie(X, Y) - F), (10) 

where pic is the Ricci tensor and ps is the Riemann scalar curvature. Consequently, the 
first order system of PDE in / "connecting" p and p, can be rewritten as a first order 
system of PDE concerning a and a. Using the torsion free property of the Levi-Civita 
covariant derivations, one obtains the third order system of PDE (since a is depending 
on the first order derivatives of /): 

f*(a)(X, Y) = a(X, Y) = a(X, Y) + (n - 2) (da(X)da(Y) 



-^u{X,Y)da{,da)-p{X,Y)^, (11) 



in which we have defined the symetric tensor p e C°°{S M."') by: 

p{X, Y) = \ [^( daij)) + Y[dci[X)) - da{VxY + VyX)] . (12) 

To go further, it is important again to notice that the relation (11) is directly related to 
a third order system of PDE we denote (T), since it is deduced from a supplementary 
prolongation procedure applied to the second order system (7). Then it follows, from 
the well-known theorem of H. Weyl on equivalence of conformal structures [9, 22, 21], 
and because of the Weyl tensor vanishing, that the systems of differential equations (6) 
and (7) when completed with the latter third order system (T), becomes an involutive 
system of order three. Let us stress again that a is merely defined by / and its first order 
derivatives, according to the relation (6). 

Looking only at those applications / which arc smooth deformations of applications /, 
this third order system of PDE must reduce to a particular conformal Lie sub-pseudogroup 
we denote by Fg. Indeed, if a tends towards the zero function with respect to the C^- 
topology, then the previous set of smoothly deformed applications / must tend towards 
the Poincare Lie pseudogroup. But this condition is not satisfied by all of the application 
/ in the conformal Lie pseudogroup Fg, since in full generality, the non-trivial third order 
system of PDE (T) would be kept at the zero a function limit. In other words, the 
pseudogroup Fg could be defined by an involutive second order system of PDE which 
would tend towards the involutive system defining the Poincare Lie pseudogroup. 

The systems of differential equations (6) and (7) would be well suited to define par- 
tially this pseudogroup Fg. The n-acyclicity property of Fg would be restored and bor- 
rowed, at the order two, from the Poincare one, provided however that an, a priori, 
arbitrary input perturbative function a is given before, instead of being defined from an 
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application / according to the relation (6). But the formal integrability is obtained only 
if the tensor a satisfies one of the following equivalent relations (see formula (16.3) with 
definition (3.12) in [21]): 

(T = k j"^ ^ a; «^=^ Pic = (n - 1) /cqo; , (13) 

deduced from relation (10), in order to avoid adding up the supplementary first order 

system of PDE (11) to (6). Then, considering the system (6), the system (11) reduces 
to a second order system of PDE concerning only the input function a, which is thus 
constrained, contrarily to what might have been expected, and such that: 

^Ji{X, Y)^]-{ [kQ (1 - e^") - da{^da)\ uj{X, y) } + da{X)da{Y) . (14) 

Obviously, as can be easily verified, this is an involutive system of PDE as it can be easily 
verified, since it is a formally integrable system with a vanishing symbol (i.e. elliptic 
symbol) of order two. 

Thus, we have series of PDE deduced from (6) defining all the smooth deformations 
of the applications / contained in the conformal Lie pseudogroup Pg. 

In addition, the metric field cu necessarily satisfies relation (13) (which is analogous 
to the Einstein equations but with a stress-energy tensor proportional to the metric one) 
if the Lie pseudogroup Pg, containing the Poincare one, strictly differs from the latter. In 
that case, such a metric field uj and the substratum spacetime S will be called S-admissible 
(with S as "Substratum" ) , and this S- admissibility is assumed to be satisfied in the sequel. 

In an orthonormal system of coordinates, the PDE (6), (7) and (14) defining Pg C Pg 
can be written, with det(J(/)) ^ and i,j,k — 1, - ■ ■ ,n as: 

n 

Y^^rsU) fir^^e^'^Ui^, (15a) 

r,s=\ 

n n 
q=l 

k=l k=l 



r,s=l 



where Sj is the Kronecker tensor, and where one denotes as usual /j = dp/dx^ = djP, 
etc . . . , Tjfc = Yl^=i ^hk and T'^ — Ylh=i '^h '^^^ for any tensor T where u'^^ is the inverse 
metric tensor, and 7 is the Riemann-Christoffel form associated to the S- admissible metric 
UJ. This is the set of our starting equations. It matters to notice that the (T) system is 
not included in the above set of PDE. Indeed, the latter being already involutive from 
order 2, this involves from definition of involution that the (T) system is redundant since 
all the apphcations / e Pg, solutions of (15), will also be solutions of all the systems of 
PDE obtained by prolongation. 

Under a change of coordinates with a conformal application / and assuming a constant 

metric field a;, the function a(= cxq) and the tensor cxi = {ai, ■ ■ ■ , «„} are transformed 
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into "primed" functions and tensors such as (j = 1, • • • , n): 

^ n " 1 

a'if) = a - - In I det J(/) | , J] /j a^if) = - J] - (/- o / fl- , 

1=1 k,l=l 

which essentially displays the affine structure of these "geometrical objects" . In particular, 
the tensor cki can be associated with the second order derivations of /. And Thus, it could 
be considered as an acceleration tensor. 

More precisely, let x e be the value of a differential application 0(t) depending on 
a real parameter r such that 0(0) = xo, and assuming f{xo) — xo{= from (1)). Then, 
denoting by a dot " ' " the derivative with respect to r, assuming x and x are such that 
X = f{x) and = uj{x ,x) = 1, and considering a composed application g o f ^ Fq 
instead of / alone, we easily deduce from (15a) the relation: 

a'{x) — a{x) — ln(||x||) . 

And by differentiating the latter, we obtain also: 

n 

j=i IFII 

In particular, if r = and ||a;|| = 1, then the Jacobian matrice of / at xq is a Lorentzian 
matrice and 

n 

a'{xo) = a{xo) , a'i{xo) = 5]](/"^)](a;o) aj{xo) - Xi . (16) 

But from relations (1), / can also be associated to composed diffeomorphisms such as for 
instance ip~^ o ip'^^, where ip'^^ and (pp^ define two different local equivalences at Pq. Then, 
the points x and x can be ascribed, respectively, to moving points p and p in the vicinity of 
p(). Ill that case, from the latter geometrical and/or physical interpretation and relations 
(16), a change of acceleration would keep physical laws invariant since it would be only 
associated to a change of coordinates. It would be close to Einsteinian relativity and to 
the Einstein's principle of equivalence. Indeed the "elevator metaphor" in this principle, 
points out the affine feature of the acceleration which involves equivalence between relative 
uniformly accelerated frames with relative velocity x and relative acceleration x at their 
crossing point Xq. This extends the results obtained first by J. Haantjes [29]. 

Consequently, on the one hand, it is important to notice that /j, or equivalently the 
tensor a2 = {aij, i, j = I, ■ ■ ■ ,n} might be considered as an Abraham- Eotvos type tensor 
[30, 31] encountered in the Eotvos-Dicke experiments for the measurement of the stress- 
energy tensor of the gravitational potential. 

At this point, a first set of physical interpretations (up to a constant for units and 
with n = 4) may be devised: The tensor /j, may be ascribed to the stress-energy tensor, 
ai to the gravity acceleration 4-vector and a to the Newtonian potential of gravitation. 

On the other hand, following W. M. Tulczyjew [32] and J.-F. Pommaret [16], a being 
associated with dilatations it might be considered as a relative Thomson type temperature: 
a = ln(To/T) , where Tq is a constant temperature of reference related with the substratum 
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spacetime S. A first question arises about this temperature Tq: Can we consider it as 
the 2.7 K cosmic relativistic invariant background temperature ? Also, in view of the 
transformation law of this function, this would imply that the temperature T is not a 
conformal invariant but only a Lorcntz invariant (as the 2.7 K relic radiation) since in 
that case | det = 1 and x = (see also the Helmotz Lorentz invariant representation 
of the absolute temperature [33] related to a A. H. Taub variational principle [32], and 
the two opposite non- Lorentz invariant temperature transformation laws given on the one 
hand by A. Einstein [34], M. von Laue [35], M. Planck [36], and on the other hand by H. 
Z. Ott [37], H. Arzelies [38], C. M0ller [39]). 

In fact, a could be considered either as a Newtonian potential of gravitation or as 
a temperature (if physically valid), or may be more judiciously as a sum of the two. It 
appears that physical interpretations could be made at two scales: a "global" one at 
universe scale (S), and a "local" one (Tp„A^) in considering local forces of gravitation 
attached to a point Pq & /A. In the same way, a second question arises at the "global" 
scale about the meaning of the tensor ai up to units: Since in this case it might be 
an acceleration (or a gradient of entropy) of reference associated to <S, could it be the 
acceleration of an inflation process (or a time arrow) ? As we shall see, the various 
dynamics will depend only on the physical interpretations of these two sets of parameters 
a and ai. 

3. The functional dependency of the spacetime deployment 

Now we look for the formal series, solutions of the system of PDE (15), assuming from 

now that the metric u is analytic. We know these series will be convergent in a suitable 
open subset and thus providing analytic solutions, since the analytic system is involutive 
and in particularly elliptic because of a vanishing symbol (see, in appendix 4 of [25], the 
Malgrange theorem for elliptic systems, given without the assumption of existence of flags 
of Cauchy data, and generalizing the Cartan-Kahler theorem [40, 41] on analyticity; see 
also the chapters about the 5-cstimatc tool for elliptic symbols in [20]; [42]). Nevertheless 
we need of course to know the Taylor coefficients. For instance we can choose for the 
applications / and the functions a the following series at a point G M": 

+00 

fix) : S\x,Xo,{a}) = Yl - ^o)7l^|! , 

|J|>0 

+00 

a{x) : s{x,xo,{c}) = ^ ck{x - xq)^ /\K\\ , 

\K\>0 

with X e C/(xo) C R" being a suitable open neighborhood of xq to insure the convergence 
of the series, i = 1, ■ ■ ■ ,n, J and K are multiple index notations such as J = (ji, • • • ,jn), 
K = [ki,--- ,kn) with \ J\ = Y17=i3i similar expressions for \K\. Also {a} and {c} 
are the sets of Taylor coefficients and Oj and ck arc real values and not functions of Xo, 
though of course, they can also be values of functions at xq. 

3.1. The "c system". We call the "c system", the system of PDE (15c) (see [43] for an 
analogous system with /cq = 0). It is from this set of PDE that gauge potentials and fields 
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of interactions could occur. From the series s, at zero-th order one obtains the algebraic 
equations (i, j = 1, • • • , n; Ci = {ci, • • • , c„}): 




n n 



k,h=l k=l 



and it follows that the Ck^s STich that \K\ > 2, will depend recursively only on Xq, Cq 
and Ci. It is none but the least the meaning of formal intcgrability of so-called involutive 
systems. Hence the series for a can be written as convergent series s{x,xo,co,Ci) with 
respect to powers of {x — xq), cq and Ci. Let us notice that we can change or not the 
function a by varying xq, Cq or Ci. 

Let Ji be the 1-jets affine bundle of the C°° real valued functions on M". Then it exists 
a subset associated to = {xq, Co,Ci) G Ji, we denote by 5^(cq) C Ji, the set of elements 
{x'q,c'q,c[) e Ji, such that there is an open neighborhood U{Cq) C 5^(Cq), projecting on 

in an open neighborhood of a given x e U{xo), for which for all {xQ,dQ,c[) e U{cl) 
then s{x, Xq, Co,Ci) = s{x, x'q, Cq, c[). Assuming the variation ds with respect to Xq, Cq and 
Ci is vanishing, at a given fixed x, is the subset 5^(Cq) a submanifold of Ji ? From = 
it follows that {k = 1, ■ ■ ■ , n): 



We recognize a regular analytic Pfaff system we denote Pc, generated by the 1-forms (Tq 
and (Tfe, and the meaning of their vanishing is that the solutions a do not change for 
such variations of Cq, Ci and Xq. Also, as can be easily verified, the Pfaff system Pc is 
integrable since the Frobenius condition of involution is satisfied, and all the prolongated 
1-forms ax {\K\ > 2) will be linear combinations of these n + 1 generating forms thanks 
to the recursion property of formal intcgrability. Then the subset 5^(cq) of dimension n 
containing a particular element cj = {xo,co,Ci) is a submanifold of Ji. It is a particular 
leaf of, at least, a local foliation on Ji of codimension n + 1. 

Since the system of PDE defined by the involutive Pfaff system Pc, namely the c 
system, is elliptic (i.e. vanishing symbol) and formally integrable, one deduces that it 
exists on Ji, local systems of coordinates (xq, Tq, Ti, ■ ■ ■ , r„) such that each leaf iS^(cJ) 
is an analytic submanifold [25] for which tq = est and Tj = est {i = I,-- - ,n). This 
involves that all the convergent series s{x,XQ,eQ,c[) with {xQ,eQ,c[) e »5^(Cq) equal one 
only analytic solution function u{x,To,Ti) (ti = {ti, • • • ,t„}), analytic with respect to 
X as well as with respect to the r's. This results of the continuous series s which are 
convergent whatever the fixed set of given values x, Xo, cq and Ci. Thus, in full generality, 
considering the difference s{x, Xq, Cq, Ci) — s{x, Xq, Cq, c[) wc have the relation: 



n 



n 





1=1 



s(x, Xo,Co,Ci) - s{x,Xq,Co,c[) = u(a;,ro,Ti) -u{x,To,t[), 
with T parameters related by (i = 1, • • • , n) 



(18) 




(19) 



14 



Now, we consider the c's are values of differential (i.e. C°°) functions p: ck = Pk{xq), 
as expected for Taylor series coefficients, and defined on a starlike open neighborhood of 
Xq. Roughly speaking, wc make a pull-back on M" by differentiable sections, inducing a 
projection from the subbundle of projectable elements in T*Ji to T*]R" ®k ^i- Then, we 
set (with pi = {pi, • • • , pn} and no changes of notations for the pull-backs): 

n n 

(To = ^(dipo - Pi) dxo = ^Ai dxo , (20a) 
1=1 1=1 

n n 

CTi = ^{djpi - Fij{xo, Po,Pi)) dxl = ^ % dxl , (20b) 

and it follows the integrals (19) must be performed from xo to Xq 111 db star like open neigh- 
borhood of Xq. In particular, if Cg is an element of the "null" sub manifold corresponding 
to the vanishing solution of the "c system", then the difference (18) involves that 

a{x) = s{x,x'o,c'o,c[) = u{x,Tq,t[) , 

with 

To= / 2^Aidx' + To, 2^Bj,idx^ +Ti. 

Jxo j=l Jxo 

Then we deduce: 

Theorem 1. All the analytic solutions of the involutive system of PDE (15c) can be 
written in a suitable starlike open neigborhood of xq as 

a(x) = u(x, dx''+ro , / ^ B^- 1 dx'^ +ri, ■ ■ ■ , ^ B^- „ dx'^ + Tn ) , (21) 

"'^O j=l Jxo Jxo 

with u{xq, Tq, Ti, ■ ■ ■ , r„) = 0, x^ G U (xq) and where u is a unique fixed analytic function 
depending on the n(n+l) C°° functions Ai and Bj^k defined by the relations (20). The 
integrals in u are called the ''potential of interactions" . Let us remark that we can set 
x'q = v{x) if the gradient of v, i.e. Vv, is in the annihilator of the PfafJ system Pc of 
1 -forms a. 

Also this result shows the functional dependencies of the solutions of the "c system" 
with respect to the functions po and pi, themselves associated to the smooth infinitesimal 
deformations of these solutions. These smooth infinitesimal deformations gauge fields 
A and B, defined by n{n + 1) potential functions (20 functions if n = 4), can also be 
considered as infinitesimal smooth deformations from "Poincare solutions" of the system 
(15) for which a = 0, to some "conformal solutions" whatever is a. 

Moreover the functions p, and consequently the functions po, A and B, must satisfy 
additional differential equations coming from Frobenius conditions of involution of the 
Pfaff system Pc. More precisely, from the relations dao = dx^Aai, dai = dx^A 

(7ij and 

n n 

(Tij = QCTj + Cjai - j/coe^'^Vo + ^ uj''''ch(Tk^ + Xl^S^^ = "^^^'^^o^ '^J', < 1) > (22) 

k,h=l k=l 
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one deduces a set of algebraic relations at Xq: 

{n ^ n 

koe^^°Ak + u;''^ Pr ^k,s \ + djBk,i - pi Bkj - pj Bk,i - ^ ltj^k,s , (23a) 
r,s=l ) s=l 

-^i,fe — = d^'^i k 1 ^k,,3,i — ^3,k,i • (23b) 

Clearly, in these relations, the set of functions (pQ. pi) appears to be a set of arbitrary 
differential functions. In considering JF and Q as being respectively the skew-symmetric 
and the symmetric parts of the tensor of components diPj, then one deduces, from the 
symmetry properties of the latter relations, what we call the first set of differential equa- 
tions: 

di^jk + djJ-ki + dkJ-ij = , 
2 djQki — diQkj ~ 9kQij — diJ-j^ — d^J-ij , 

with 

Tij = djPi - diPj = diAj - djAi , (25a) 
Gij = ~{diPj + djp.i) = diAj + djAi mod (po,Pi) • (25b) 

The PDE (24a) with (25a) might be interpreted as the first set of Maxwell equations. In 
view of physical interpretations, we can easily compute the Euler-Lagrange equations of 
a conformally equivariant Lagrangian density 

C{xo,po,pi,A,J^,Q)d\o, (26) 

with A, T and Q satisfying the relations (20) and (25). We would obtain easily what we 
call the second set of differential equations. 

Then we give a few definitions to proceed further. 

Definition 1. We denote: 

(1) ^K, the presheaf of rings of germs of the differential (i.e. C°°) functions defined on 

M", 

(2) Ji, the presheaf of ^^^-modules of germs of difi^erential sections of Ji, 

(3) C ^^M, the presheaf of rings of germs of functions which arc solutions with their 
first derivatives, of the "algebraic equations" GHSS (15c) taken at any given points 
Xq in R", not simultaneously at each point in (see Remark 1 below), 

(4) Si C J2, projectable on Ji (Ji ^ Si), the embedding in J2 of the presheaf of 
^R-modules of germs of differential sections of defined by the system (15c) of 
algebraic equations at any given points xq e (not everywhere, as mentioned 
above), 

(5) r^R" , the presheaf of ^jg-modules of germs of global 1-forms on R". 

Remark 1: Through this set of definitions, we do not consider PDEs solutions, but 
instead, solutions of algebraic equations at any given point Xq. In this light, PDEs so- 
lutions are to be regarded as particular "coherent" subsheafs for which equations (15c) 
are satisfied everywhere in R", i.e., at a; 7^ Xq, and not solely at Xq. We insist that the 
algebraic equations (15c) do not concern solutions of a PDE system, but the values of 

16 



(24a) 
(24b) 



second derivatives of functions at Xq, depending on those of first order at most at Xq, with 
no constraints between first and zero-th order values of these functions at Xq. 

Then, considering the local diffeomorphisms 

with < k <n and r > 0, we set the definitions: 
Definition 2. We define the local operators: 

(1) ji : (xcpo) e ^5° — > (a;o,po,Pi,P2) ^ Si with = {dipo,--- ,5„Po) and p2 = 

(2) L>i,e : pI = (xo, po, Pi, P2) e 51 — ^ {pI cto, (Ti, ■ ■ ■ , (T„) G T^R" (g)^^ Ji, with ^, B 
and Pq = (xq, Po, Pi) satisfying relations (20), and Pc = {ctq, cti, • • • , cr^} being a 
Pfaffian system of linearly independent regular 1-forms on Ji, 

(3) D2,c : {pI, ao, ai, • • • , a„) e T^^ Ji ^ (p^, Co, Ci, ■ ■ ■ , Cn) e A^T!!!! Ji, 
with 

n n 

Co = 5^ Xi,j- (i^o A da;^ , Cfe = XI ^J-^-*^ '^^o ^ '^^o , 

i,j=l i,j=l 

the functions (xq, Po, Pi, P2) ^ and the tensors X, JT", ^ and B satisfying the 
relations (23). 

Then from all that preceeds, we can deduce: 

Theorem 2. The differential sequence 

> 50 51 r*R" A'r!M!!®03, Ji, 

the M-linear local differential operators Di e o-i^d D2,c ; is exact (where the first injec- 
tivity, namely ji, results from remark 1). 

Remark 2: Before proceeding with the proof of this Theorem, a few comments are in 
order. The continuation "on the right" of the differential sequence above would require, 
in order to demonstrate the exactness, a generalization of the Probenius Therorem to 
p-forms with p > 2, which, to our knowledge at least, is not available in full generality, 
no more as the concept of canonical contact p-forms representations. Indeed, the higher 
local differential operators Z5i>3.c would be non-linear, in contrary to the usual Spencer 
differential operators, because of the non-linearity of the GHSS system. We are faced to 
the same situation encountered in the Spencer sequences for Lie equations, these sequences 
being truncated at this same order two. The sequence above is a physical gauge sequence, 
for which we can make the following identification: T*R" ®q^^ Ji is the space of the gauge 
potentials A and i3, whereas A^ T*R" Ji is the space of the gauge strength fields T 
and J. 

This sequence is close to a kind of Spencer linear sequence [20] . It differs essentially 
in the tensorial product which is taken on 9^ (because of the non-hnearity of the "GHSS 
system" , inducing a p "dependence" of the various Pfaff forms) rather than on the R field 
as is in the original linear Spencer theory [20] (other developements have included the 
case after this first Spencer original version). Also, since the system P^, is integrable, it is 
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always, at least locally, diffeomorphic to an integrable set of Cartan 1-forms in T*M"(8)k Ji 
associated to a particular finite Lie algebra Qc (of dimension greater or equal to n + 1), 
with corresponding Lie group Gc acting on the left on each leaf of the foliation !Fi [45, 44]. 
It follows that the integrals in (21) would define a deformation class in the first non-linear 
Spencer cohomology space of deformations of global sections from M" to a sheaf of Lie 
groups Gc [26] (see also [46], though within a different approach). 

In addition, 1) in Theorem 1, the fonction u is defined with integrals associated to 
the definition of a homotopy operator of the differential sequence above [?], and 2) in 
Theorem 2, the metric uj is allowed to be of class C°°, rather than analytic, as in Theorem 
1, because formal properties only are considered. 

Proof of Theorem 2: At the sequence exactness is trivial and we may pass to 
the exactness of the differential sequence at T*R" J^. 

In a neighbourhood of an open set V{Cl) C Ji of Cq e Ji, the condition £)2,c(c) = 
implies the relations: 

d^o = Er=i dxi A , (27) 
dai = X)"=i ^^0 A ^ij (28) 

with: 

n n 

CFij = CiCFj + CjCii - uJij^koe^''''ao + ^ uj''^Chak^ + 7jafc , (29) 

k,h=l k=l 

the "cr" 1-forms are defined above Ji, and correspond to the 1-forms a defined in a 
neighbourhood W{Xo) C at xq G W{Xo): they arc such that if pi : Ji — > M" stands 
for the standard projection, then pi{V{Cq)) = W{Xo), pi{cl) = xq and pi{Cq) = Xq. 

Regularity and linear independence, ensure the existence of a locally integrable man- 
ifold Vi, with dimension n, and of n -|- 1 first integrals {y^} {u — 0, 1, . . . ,n). Up to 
constants, the functions i/i, can be choosen such that y^{Cl) — 0. Then, at Cq, we have 
the relations: 

a,{Cl) = dy,/^, , (30) 

and in V{Cl), the relations 

n 

~^. = dy.-Y,fuiy)dy,, (31) 

with fj^{y) — > when y — > 0, that is when Cq — > C\. 

These relations can also be defined on the presheaves of the Ji local sections. This is 

because it exists a C^-mapping, say s, from W{Xq) into V{C\)^ such that s{W{Xq)) = 
U{Cl) C V{Cl) and s{xo) = cj. And thus locally, one has Vi n U{Cl) ~ W{Xo). 
In the relations (31), it is therefore possible to take yj = Cj {j = l,...,n). Setting 
s*{dyj) = s*{dcj) = dxQ, and denoting by "p" the functions Pjixo) = Cj and po{xo) = yo, 
associated to s, we have immediately in particular (Tq = s*{ao), and Vxq: 

n 

ao = dpo-J2foiP)dxi. (32) 

1=0 
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We set pi = fl{p). Now, from (32) and the pull-back of (27), one deduces that 

n 

dxQ A {dpi — o.i) = , (33) 

i=l 

and in particular: 

dxl^dxl^■■■ ^ dx^ a {dpi - aj) = . (34) 

Consequently 

n n 

dpi - c^i = P^^i = c^Pj - ^^>^' ' 

that are alternatives to the pull-backs by s of relations (31). We thus have, 

n 

(70 = dpo - X] Pi dxl , (36) 



i=l 
n 



Gi ^dpi-^^ pi^j dxl . (37) 
Now, out of (37) and the pull-backs of (28), one deduces also the relations, 

n n n 

dx^Q A dpij ^^dx^A Gij <S=^ ^^dapQh {dpij - Gij) = . (38) 
j=i j=i j=i 

By the same procedure as above, we thus get: 

n n 

dpij - (Tij = ^ pi^j^k dxl <S=^ Gij = dpi^j - ^ Pi dxl . (39) 

Moreover, in view of (33) and (37) we deduce the symmetries: pij = pj^i = pij and 
Pi,j,k = Pj,i,k = Pij,k- Then, considering the coefficients of a same basis differential form 
with P2 = {pij), Pi = (pi), and the system of algebraic equations for deduced from 
(27) and (28), we conclude that pi e S^. □ 

In order to know the effects on M. of these infinitesimal deformations, we need to 
describe what are their incidences upon the objects acting primarily on M", namely the 
applications /. Thus, we pass to the study of what we call the "ab system" of the PDE 
system (15). 



3.2. The "ab system". This system is defined by the first two sets of PDE (15a) and 
(15b). For this system of Lie equations, we will begin with recalling well-known results 
but in the framework of the present context. Applying the same reasoning than in the 
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previous subsection, we first obtain the following results, which hold up to order two: 

n 

cUrs{ao) a\ a] = e^^u^ix^) , (40a) 



r,s=\ 

n 

k 



+ Irsi^o) al a^, = J2 «J hU^o) + c^S] + c,S^ - u;,,{xoy) , (40b) 

r,s=l q=l 

which clearly show that Ji(M") is diffeomorphic to an embeded submanifold of the 2-jets 

affine bundle J2(ffi") of the C°°(M"', M") differ entiable applications on M". In second place, 
we get relations, from the (T) system, for the coefficients of order 3 that we only write as 



(oi = (a}); ^2 = (a}fe)v • • , flfc = {a],...jj; % = (ao, ■ ■ • , afe)): 

^kh = ^jkhi^o,&l), (41) 

where A* j,^ are algebraic functions, pointing out in this expression the independency from 

the "c" coefficients (also like the relations (40a), for instance, when expressing Cq with 
respect to the determinant of di). We denote by flj the Pfaff 1-forms at Xq and {a} (or 
at {xo, {a})): 

n 

frj = da^j-J2^a^j^i,dxl (42) 

fc=i 

and setting the a's as values of functions f depending on xq (in some way we make a 
pull-back on R") , we define the tensors k by: 

n n 

^ E i^'^^J - ^^+1.) ^ E ■ (43) 

k=l k=l 

Then from the relations: 

n n ^ n 

e'^co^^ido) = E ^''i^oKd^j , E = 2 E ^^^^ ' 

i,j=l 1=1 i,j=i 

we deduce with b = aj"^, for example, that the Q^- 1-forms satisfy the relations at (xo,aJ): 

n n 

Ho{xo,al \L\ < 1) = E ^ ^5 + E ^U^^)^' = riao . (44) 

Similar computations show that the 1-forms can be expressed as quite long relations, 
linear in the f2j (|J| < 2), with coefficients which are algebraic functions depending on 
the dx {\K\ < 2), the derivatives of the metric and the Riemann-Christoffel symbols, all 
of them taken either at xo or do- Then, we set: 

ai = H,ixo,alh^;\I\<2). (45) 

From (41) the 1-forms ^^j^h also sums of 1-forms (|i^| < 2) with the same kind of 
coefficients and not depending on the cr's, and we write: 

^,,^K},,{xo,al^'K;\K\<2), (46) 
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where -fQ^/j are functions which are hnear in the 1-forms ^2^. 

Let us denote by T2 C J2(M"^) the set of elements (xo,Oq) satisfying relations (40) 
whatever are the c's. Then the PfafF system we denote P2 over and generated by 
the 1-forms Q^j^ G T*]R" Or J2{W) in (42) with \K\ < 2, is locally integrable on every 
neighborhood U{xo,al)cJ2{^"'), since at {xo,al) we have (|J| < 2): 

n 
k=l 

together with (46). 

From now on, we consider the "Poincare system" whose corresponding notations will 
be free of "hats". We denote by Qj the Pfaff 1-forms corresponding to this system, 
i.e. the system defined by the PDE (15a) and (15b) with a vanishing function a. The 
corresponding 1-forms "o"" are also vanishing everywhere on M" and the fij satisfy all of 
the previous relations with the cr's cancelled out. Then it is easy to see the f2j 1-forms 
(|<^| > 2) are generated by the set of 1-forms (|A'| < 1), and in particular we have 

{n n ^ 

E (^'^7.'J(ao)^^'<a^^+ E7.^(ao)[a[n; + a^fi[] , (48) 
r,s,h=l r,s=l ) 

with {xo,al = al) G IPi C Ji(M"), and IPi being the set of elements satisfying relations 
(40a) with cq = 0. Similarity the Pfaff system we denote Pi over IPi and generated 
by the 1-forms fi]^ in (42) with \K\ < 1, is locally integrable on every neighborhood 
U{xQ,al) C Ti, since at the point {xo,al) we have relations (47) with |J| < 1 together 
with relations (48). 

Then at each {xo,al) e 3^2, we have the locally exact sphtted sequence 

> Pi P2 Pc > 0, (49) 

where we consider Ji(]R") embeded in J2(]R"') as well as IPi in J*2 ^ ^2 from relations 
(40) . In this sequence a back connection hi and a connection ci : Pc — > P2 are such that 
(1^1 < 2): 

n 

= + Xj(a^o, al) ao + E xf{xo, al) a, , (50) 

k=l 

with Q'j^ satisfying (48) for any given Q'l with \L\ < 1, and where the tensors x are defined 
on ^2- Together, they define a back connection, and the tensors x define a connection if 
they satisfy the relations: 

Ho{xo,al,xi;\L\ < 1) =n, Ho{xo,al,x''/;\L\ < 1) = 0, 
^,(xo,a^,xi;|L| <2) = 0, ^i(xo,a^, ; |L| < 2) = n5f , 

in order to preserve relations (44) and (45), i.e. ei o ci = id. 
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(47) 



4. The spacetime M unfolded by gravitation and electromagnetism 



Again, in view of physical interpretations, we put a spotlight on the tensor B. In fact, 
we consider the relations (50) with | J| = and the as fields of "tetrads". Then we get 
a metric v for the "unfolded spacetime Ai " defined infinitesimally at Xq (corresponding 
to pQvaAi) by: 

n 

U — UJ — CU + SCU— CUij O f{xo) fl\xo) O-'(xo) , 

n 

ft' = ^4(xo) dx'^, 

k=l 

n 

ki{xo) = 4(^o) + x'{xo:tI) Aj{xo) + ^x''\xoyo) ^^jd^o) ■ 

k=l 

We consider the particular case for which the S-admissible metric ou is equal to 
diag[+l, —1, ■ ■ • , —1] (and thus /cq = 0), the x's are only depending on Xq and = Sj, 
i.e. the deformation of uj is only due to the tensors A and B. Thus, one has the general 
relation between i/ and cu: v = uj+ linear and quadratic terms in A and B. Then from 
this metric one can deduce the Riemann and Weyl curvature tensors of the "unfolded 
spacetime M. " ■ 

We are faced with a question: could this kind of deformation be interpreted as an 
inflation process in cosmology (due to a kind of instable substratum spacetime S for 
instance) ? In such a process, each occurrence of a creation or annihilation of singularities 
of the gauge potentials A and B, would be related to a non-trivial unfolding, i.e. a non- 
smooth deformation. 

Also, would the inflation be the evolution from the Poincare Lie structure to "a" 
conformal one, and going from a physically "homogeneous" spacetime (namely with con- 
stant Riemann curvature and a vanishing Weyl tensor and so "conformally flat") to an 
"inhomogeneous" one (with any Weyl tensor) ? Or, would the substratum spacetime S 
be merely a kind of "mean" smooth manifold M. with no inflation process ? 

In some way, the singularities of the gauge potentials A and B would produce a 
kind of "bifurcation" of the unfolded spacetime structure leading to a different concept of 
bifurcation than the one used in the case of non-hnear ODE's. 

In view of making easier computations for a relativistic action deduced from the metric 
tensor i/, we consider this metric in the "weak fields limit" , assuming that the metric v is 
linear in the tensors A and B and that the quadratic terms can be neglected. Furthermore, 
from relations (23), we have the relations: 

diAk — dkAi — Bk,i — Bi^k — ^ik 1 djBk^i — dkBj^i ~ , 

since the functions p take also small values in the weak fields limit. Therefore, we can 
write ~ ujij + eij , where the coefficients e^j can be viewed as small perturbations of the 
metric uj and linearly defined from A, B and the x tensors. Then, let i be a differential 
map i : s e [0,£] C M — > i{s) = G ~ M., and U being such that U = di{s)/ds, 
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11^7 1 1 =1. We define the relativistic action 5*1 by: 



Si^ f y/u(U(s),U(s)) ds = f y^ds. 
Jo Jo 



We also take the tensors x depending on s only. The Euler-Lagrange equations for the 
Lagrangian density are not independent because is a homogeneous function of 
degree 1 and thus satisfies an additional homogeneous differential equation. Then, it is 
well-known that the variational problem for Si is equivalent to consider the variation of 
the action 5*2 defined by 



/■£ t-e 
/ u{U{s),U{s)) ds= / Lyds, 
Jo Jo 



but constrained by the condition — 1. In this case, this shows that must be 
considered, firstly, with an associated Lagrange multiplier, namely a mass, and secondly, 
its explicit expression with respect to U will appear only in the variational calculus. In 
the weak fields limit, we obtain: 

n n n n 

- II t/f + 2 ^ C/^' ■ I] A C/' + 2 Yl x''' ^^kj ■ Yl ^^'^ " (^1) 

j,k=l i=l j,k,h=l i=l 

Prom the latter relation, we can deduce a few physical consequences among others. On 
the one hand, if we assume that 

n 

C''(X, t/) = J] c.fe,x'''t/^' = C\ (52a) 
j,k=i 

n 

C'{x,U) = J2^'^jX'U^ = Co, (52b) 
k,j=i 

then we recover in (51), up to some suitable constants, the Lagrangian density for a 
particle, with the velocity n-vector U {\\U\\^ = 1), embeded in an external electromagnetic 
field. But also from the relation (52b) we find "a generalized Thomas precession" if the 
tensor (x'^) is ascribed (up to a suitable constant for units) to a "polarization n-vector" [47, 
p. 270] "dressing" the particle (e.g. the spin of an electron). This generalized precession 
could give a possible origin for the creation of anyons in high- Tc superconductors [48] 
and might be an alternative to Chern-Simon theory. Also, the tensor (x'^''') might be a 
polarization tensor of some matter and the particle would be "dressed" with this kind of 
polarization. 

More generally, the Euler-Lagrange equations associated to 5*2 would define a system 
of geodesic equations with Riemann-Christoffel symbols F associated to v and such that 
(with v'^^ ~ o;'^ at first order and assuming the x's being constants) 

dTF " ^ 



ds 

j,k=l i,k=l 
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with 

1 / " 

= 2 ^^^^^^^ + ^^^^^ + E (^^•^^-'^ + 

\ /i=i 

and v4. and B satisfying the first and second sets of differential equations (compare (53) 
with the analogous equation (6.9") in [6] but with different Riemann-Christoffel symbols). 
Then the tensor F would be associated to gravitational fields, also providing other physical 
interpretations for the tensors x- 

Nevertheless, equations (53) are deduced irrespective of the conditions (52). Taking 
them into account would lead to a modification of the action 5*2 resulting of the introduc- 
tion of Lagrange multipliers Aq and (/c = 1, • • • , n) in the Lagrangian density definition. 
We would then define a new action: 




i=l k=Q 

The associated Euler- Lagrange equations would be analogous to (53), but with additional 
terms coming from the precession. Moreover, since we have the constraint = 1, we 

need a new Lagrangian multiplier denoted by m. That also means we do computations 
on the projective spaces H{l,n — 1). Prom this point of view, the Lagrange multipliers 
appear to be non-homogeneous coordinates of these projective spaces. 

Then the variational calculus would also lead to additional precession equations giving 
torsion as mentioned in comments of chapter 1. Again, torsion is not related to unification 
but to parallel transports on manifolds which is a well-known geometrical fact [49] . Hence, 
the existence of such precession phenomenon for a spin n-vector (x^) would be correlated 
with the existence of linear ODE for a charged particle of charge interacting with an 
electromagnetic field. Otherwise without (52b) the ODE's would be non-linear and there 
wouldn't be any kind of precession of any spin n-vector. 

Consequently the motion defined by the second term in the r.h.s. of (53) for a spinning 
charged particle would just be, in this model, a point of view resulting from an implicit 
separation of rotations and translations degrees of freedom achieved by the specialized 
(sensitive to particular subgroups of the symmetry group of motions) experimental appa- 
ratus in TpqA4. The latter separation would insure either some simplicity i.e. linearity, 
or, since the measurements are achieved in Tp„A^, that the equations of motion are asso- 
ciated {via some kind of projections inherent to implicit dynamical constraints due to the 
experimental measurement process, fixing, for instance, to a constant) to linear repre- 
sentations of tangent actions of the Lorentz Lie group on Tpgji4. In the latter case, one 
could say, a somewhat provocative way, that special relativity covariance would have to 
be satisfied, as much as possible, by physical laws. This "reduction" to linearity can't be 
done on the first summation in the r.h.s. of (53), which must be left quadratic contrarily 
to the second one, since the Riemann-Christoffel symbols can't be defined equivariantly 
(other arguments can be found in [6]). 

To conclude, equations (53) would provide us with another interpretation of spin (the 
X's) as an object allowing moving particles to generate effective spacetime deformations, 
as "wakes" for instance. 
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5. Conclusion: images set back from their objects 



In fact in this work, using the Pfaff systems theory and the Spencer theory of differen- 
tial equations, we studied the formal solutions of the conformal Lie system with respect to 
the Poincare one. More precisely, we determined the difference between these two sets of 

formal solutions. Wc gave a description of a "relative" set of PDE, namely the "c system" 
which defines a deployment from the Poincare Lie pseudogroup to a sub-pscudogroup of 
the conformal Lie pseudogroup. We studied these two systems of Lie equations because 
of their occurrence in physics, particularly in electromagnetism as well as in Einsteinian 
relativity. 

On the basis of this concept of deployment, we made the assumption that the unfolding 
is related to the existence of two kind of spacetimes, namely: the substratum or striated 
spacetime S from which the 4D-ocean or smooth spacetime M. is unfolded. We recall that 
not all the given metrics on S can be admissible in order to have such spacetime A4. In 
the case of a substratum spacetime S endowed with an appropriate S-admissible metric 
allowing for unfolding, we assumed that S is cquivariant with respect to the conformal 
and Poincare pseudogroups and set its Riemannian scalar curvature to a constant n(n — 
l)A;o and its Weyl tensor to zero. Then the deployment evolution can be trivial or not 
depending on occurences of spacetime singularities (of the potentials of interaction forces) 
parametrizing or dating what can be considered somehow as a kind of spacetime history. 
The potentials of interactions are built out of a particular relative Spencer differential 
sequence associated to the "c system" and describing smooth deformations of S. Then a 
"local" metric or "ship-metric" defined on a moving tangent spacetime ship Tp^M. of the 
unfolded spacetime M. is constructed out of the S-admissible substratum metric and of 
the deformation potentials. The spacetime ships dynamics are given by a system of PDE 
satisfied by their Lorentzian velocity n-vectors U, exhibiting both classical electrodynamic 
and "local" (since ship-metrics are local) geodesic navigation in spacetime endowed with 
gravitation. 

This is a "classical approach" and quantization doesn't seem to appear. Nevertheless, 
in the present framework, a few physical exotic quantum effects and experiments might 
be revisited from a classical viewpoint: for instance the Aharanov-Bohm effect and the 
"one plate dynamical Casimir effect". Indeed, the first summation in the r.h.s. of (53) 
could give a classical effect similar to the Aharanov-Bohm quantum one [50] and could 
be another origin for the creation of anyons in superconductors. Usually the symmetric 
part of the 4-gradient of A appearing in the expression for F is never taken into account 
in classical physics. But, and it is a deep problem, it is contradictory with quantum 
mechanics since in that case the 4-vector A (and not its 4-gradient) is involved in the 
Shrodinger equation for electromagnetic interactions. In other words, A defines a set of 
physical observables and, as a consequence, the symmetric part of its 4-gradient would 
have to define also other physical observables. These latter never appear in classical elec- 
trodynamics and in usual classical physics. In some way, the occurence of this symmetric 
part in F is much more coherent with quantum mechanics and would not be meaningless. 

Also, going on again in a non-rigorous metaphoric description, could the one plate 
(linear) dynamical Casimir effect [51, 52] be analogous to the cavitation of a paddle or of 
a fan blade of a screw-propeller in a spacetime 4D-ocean, with steam bubbles being made 
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of photons and/or gravitons ? This cavitation effect would occur as early as the motion of 
the uncharged metallic plate wouldn't be an uniformly accelerated one. Then the confor- 
mal spacctimc symmetry would be broken and occurence of bubbles of "electromagnetic 
and gravitational steam" dressing the plate would restore only the conformal symmetry 
when considering the full resulting system. In the same vein, gravitational waves would 
be radiated only by non-uniformly accelerated massive bodies. Also, on the basis of the 
previous Casimir effect with its screw-propeller metaphor, the case of a non-uniformly ac- 
celerated uncharged conductive rotating disk would have to be experimentally considered 
in order to investigate new forms and conditions of electromagnetic and/or gravitational 
radiations. This would be a one plate rotational dynamical Casimir effect. 

To finish on a more philosophical note, which is rather unavoidable since we are con- 
cerned with spacetime structure, the model we present is strongly related to the H. Bergson 
one in his well-known book about the A. Einstein relativity: "Duree et Simultaneite" [53]. 
It seems that H. Bergson was misunderstood and opposed to Einstein relativity whereas 
exactly the converse appears to be true. In fact H. Bergson claimed 1) that A. Einstein 
relativity is a confirmation of the existence of a universal time (i.e. history and not du- 
ration) because of an implicit reciprocity involved in the relativity principles and 2) that 
A. Einstein gave the keys to interpret some "appearances" resulting from observations 
between Galilean frames (which involves to consider the Poincare pseudogroup only). As 
a particular result the twin paradox of M. Langevin doesn't exist any more as H. Bergson 
shown in appendix III of [53]. In the framework of the model we present, this can be 
easily shown by making integrations along universe lines by using the results at the end 
of the chapter 3 about the transformation laws between Galilean frames with velocity 
n-vectors x and = Yl]j=i fj^''- The "time" integrals, i.e. the actions 5*1, are coordinate 
(topological) invariant and equal. In other words, following a kind of G. Berkeley philoso- 
phy of eyesight strongly related to our Quattrocento painters metaphor evoked in the first 
chapter, the "physical reality" would have to be interpreted with the help of the Lorentz 
transformations. Indeed special relativity measurements would be achieved somehow only 
on "observed images set back from their objects and following them like their shadows" , 
and as far away from their objects and slowly varying as the relative velocity between 
their objects and the frames of measurements increase. This is a Doppler-Fizeau effect. 

We can also point out some recent reflexions of G. 't Hooft about obstacles on the 
way towards the quantization of space, time and matter [54]. His theory of "ontological 
states" involved in his approach of "deterministic quantization", strongly requires such 
"universal time" and a description of spacetime as a fluid (his own words) as well as its 
relationship with the principle of coordinate invariance. A very analogous approach of the 
't Hooft one for the time irreversibility, can be considered with the Prigogine concept of 
thermodynamical time operator, in the framework of the Kolmogorov flows for PDE [55]. 
It would be applied to the non-hnear "c system" . Thus, there would be two kind of times: 
a unique global cosmic time (as in chapter 1) orienting local thermodynamical ones, the 
same way as the terrestrial magnetic field orients the magnetic needles of compasses. 
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